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Abstract
Thermodynamical properties of charged AdS black holes with a global
monopole still remain obscure. In this paper, we investigate the thermo-
dynamics and phase transition of the black holes in the extended phase
space. It is shown that thermodynamical quantities of the black holes ex-
hibit an interesting dependence on the internal global monopole, and they
perfectly satisfy both the first law of thermodynamics and Smarr relation.
Furthermore, analysis of the local and the global thermodynamical stabil-
ity manifests that the charged AdS black hole undergoes an elegant phase
transition at critical point. Of special interest, critical behaviors of the
black holes resemble a Van der Waals liquid-gas system. Our results not
only reveal the effect of a global monopole on thermodynamics of AdS
black holes, but also further support that Van der Waals-like behavior of
the black holes is a universal phenomenon.
∗gmd2014@emails.bjut.edu.cn
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1 Introduction
In recent years, the study of topological defects such as cosmic strings, domain
walls, monopoles and textures has captured considerable attention and still re-
mains one of the most active fields in modern physics. This is mainly due to their
fascinating properties which are hoped to give rise to a rich variety of quite un-
usual physical phenomena in comparison with those of more familiar systems. As
an intriguing one, a global monopole [1] can be generated during the phase tran-
sition of a system composed of a self-coupling triplet scalar field whose original
global O(3) symmetry is spontaneously broken to U(1). One can read Ref. [2] for
a nice review. It is worth mentioning that, in 1989, Barriola and Vilenkin [1] first
discovered the gravitational field of a global monopole and determined the metric
of the black hole with a global monopole. Since then, the physical properties of
black holes incorporating global monopoles have been studied extensively [3–19].
However, thermodynamical properties of the black holes with global monopoles
in AdS spacetime still remain obscure, although it deserves a deeper investigation
of the thermodynamics. Motivated by this fact, in this paper, we first focus our
attention on investigating thermodynamics of the charged AdS black hole with a
global monopole.
Another motivation to explore the charged AdS black holes with a global
monopole comes from the pioneering work [20] for AdS black hole phase tran-
sitions. In Ref. [20], Hawking and Page described a first-order phase transition
between Schwarzschild AdS black holes and the thermal AdS space, well known
as the Hawking-Page phase transition. Another landmark owes to Chamblin et
al. [21,22] who discovered the small-large black hole phase transitions of Reissner-
Nordstro¨m AdS black holes and first pointed out that the transition is analogous
to a Van der Waals liquid-gas system. Recently, in an in-depth analogy, Ku-
biznak and Mann [23] have explicitly verified the coincidence of the black hole
critical behaviors with those of the Van der Waals liquid-gas system. Interest-
ingly, analysis in Ref. [23] involves a prevailing proposal [24–27] which states
that the cosmology constant Λ and its conjugate quantity should be identified
as thermodynamic variables, namely, pressure P and volume V respectively, and
included in the first law of black hole thermodynamics. Nowadays, this construc-
tive approach has been widely believed to be much more physically sound. On
the one hand, a theory would be more fundamental and physical if the constants
such as Yukawa couplings, gauge coupling constants, or the cosmological con-
stant arise as vacuum expectation values rather than being fixed a priori. On
the other hand, more pragmatically, in the presence of a cosmological constant,
the traditional first law of black hole thermodynamics becomes inconsistent with
the Smarr relation. Luckily, the urgent inconsistency can be reconciled if the
first law is modified by including the variation of Λ. Thereafter, based upon
the constructive idea, increasing interest has been stirred to study various black
holes [28–48]. In a certain sense, the highlight of our work not only contributes
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to better understanding black hole thermodynamics, but also provides us with
important clues to the underlying structure of puzzling quantum gravity.
This paper is outlined as follows. In Sec.2, we concentrate on working out ther-
modynamical quantities of the charged AdS black hole with a global monopole
and checking both the first law of black hole thermodynamics and Smarr relation.
Sec.3 is devoted to investigating the phase transition and critical behaviors of the
black hole in the canonical ensemble. Conclusions will be drawn in Sec.4.
2 Black hole solution and the thermodynamics
Barriola and Vilenkin [1] discussed the gravitational field of a global monopole
resulting from global O(3) symmetry breaking. The simplest model for giving
rise to such global monopoles is described by the following Lagrangian
Lgm = 1
2
∂µφ
a∂µφa − λ
4
(
φaφa − η20
)2
, (1)
where φa is a triplet of scalar field, λ the coupling constant and η0 the parameter
related to the symmetry breaking scale. When a charged AdS black hole swallows
a global monopole, the general static spherically symmetric metric and gauged
potential can be given by [1]
ds˜2 = −f˜(r˜)dt˜2 + 1
h˜(r˜)
dr˜2 + r˜2
(
dθ2 + sin2θdφ2
)
, (2)
A˜ =
q˜
r˜
dt˜ , f˜(r˜) = h˜(r˜) = 1− 8piη20 −
2m˜
r˜
+
q˜2
r˜2
+
r˜2
l2
, (3)
in which m˜ and q˜ are, respectively, the mass parameter and electric charge pa-
rameter, l the AdS radius related with the cosmology constant Λ = −3/l2. In
order to investigate the general properties of the black holes, by introducing the
following coordinate transformation
t˜ =
(
1− 8piη20
)
−1/2
t , r˜ =
(
1− 8piη20
)1/2
r , (4)
and defining new parameters
m = (1− 8piη20)−3/2m˜ , q = (1− 8piη20)−1q˜ , η2 = 8piη20 , (5)
we can rewrite the line element (2) as
ds2 = −f(r)dt2 + 1
h(r)
dr2 +
(
1− η2) r2 (dθ2 + sin2θdφ2) , (6)
A =
q
r
dt , f(r) = h(r) = 1− 2m
r
+
q2
r2
+
r2
l2
. (7)
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Particularly, setting the symmetry breaking parameter η = 0, this solution would
reduce to standard four-dimensional Reissner-Nordstro¨m AdS black hole.
Based on the line element (6), we shall first calculate thermodynamical quan-
tities of the black holes. To begin with, the event horizon of the black hole is
located at r = rh which is the largest root of f(r) = h(r) = 0. The electric charge
and corresponding potential measured at infinity can be computed by
Q =
1
4pi
∮
F µνd2Σµν =
(
1− η2) q , (8)
Φ = ξµAµ
∣∣
r=rh
=
q
rh
, (9)
where ξµ is the timelike killing vector (∂t)
µ [49]. The Arnowitt-Deser-Misner
(ADM) mass M of the system can be determined via the Komar integral
M =
1
8pi
∮
ξµ;ν(t) d
2Σµν = (1− η2)m. (10)
The surface gravity for the black holes can be worked out from the relation [50]
κ2 = −1
2
ξµ;νξ
µ;ν
∣∣
r=rh
. (11)
So the surface gravity is
κ =
1
2
√
f,rh,r
∣∣∣
r=rh
=
1
2rh
[
1 +
3r2h
l2
− Q
2
(1− η2)2 r2h
]
, (12)
where we have expressed κ as the function of Q for convenience. And then, the
Hawking temperature will be
T =
κ
2pi
=
1
4pirh
[
1 +
3r2h
l2
− Q
2
(1− η2)2 r2h
]
. (13)
Moreover, the area Abh of the horizon and entropy S can be obtained
Abh =
∫
r=rh
√
gθθgφφ dθdφ = 4pi(1− η2)r2h , (14)
S =
Abh
4
= pi(1− η2)r2h . (15)
For an asymptotically AdS black hole in the extended phase space, the cosmo-
logical constant is usually interpreted as a thermodynamic pressure [24]
P = − Λ
8pi
=
3
8pil2
. (16)
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The corresponding conjugate thermodynamic volume V =
(
∂M
∂P
)
S,Qi,Jk
is given
by
V =
4
3
pi
(
1− η2) r3h . (17)
Obviously, in the presence of a global monopole, thermodynamical quantities,
including the electric charge Q, ADM mass M , the area Abh of the horizon and
the volume V , Hawking temperature T as well as entropy S, are closely related
with parameter η. It can be verified that these quantities above still obey the
first law of black hole thermodynamics
dM = TdS + ΦdQ + V dP , (18)
and the Smarr relation below holds as well
M = 2(TS − V P ) + ΦQ . (19)
It should be noted that here M has had the meaning of the enthalpy H , but not
the internal energy any longer [26].
Therefore, in comparison with the case for Reissner-Nordstro¨m AdS black
hole [23], the thermodynamical quantities of the black holes exhibit an interesting
dependence on the internal global monopole. While, the existence of a global
monopole does not affect the first law of thermodynamics and the Smarr relation.
3 Phase transition and critical behaviors in the
canonical ensemble
With these thermodynamical quantities in hand, we step forward to further
discuss the attractive properties of the charged AdS black holes with a global
monopole, including phase transition and critical phenomena.
3.1 The local stability and critical behaviors
The Hawking temperature is defined in equation (13), its behaviors for different
electric charges are depicted in Figure 1. As is observed from both the Figure
1(a) and Figure 1(b), for each case of Q < 0.125, within a certain range of
temperature, the curve can be divided into three branches. The large and the
small radius branches are thermodynamically stable, while the intermediate is
unstable since the heat capacity C = T ∂S
∂T
is negative. When the charge Q ≤
0.125, the temperature could have an infection point for a given value of Q and l.
For the case Q > 0.125, the Hawking temperature increases monotonically along
each isocharge. Therefore, the analysis summarized in Figure 1 might have an
implication for phase transition.
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Figure 1: (Color online) . Behaviors of Hawking temperature. In each picture,
the curves from top (green solid) to bottom (blue dashed) correspond to Q =
0.075, 0.1, 0.125, 0.15, 0.175 respectively. Here we set η = 0.5, l = 1.
In what follows, we focus on illustrating the phase structure and analyzing the
critical behaviors of the black holes swallowing a global monopole in the canonical
ensemble.
For a fixed electric charge Q, combing equations (13) and (16) yields the
equation of state as
P =
T
2rh
− 1
8pir2h
+
Q2
8pi (1− η2)2 r4h
, (20)
where rh is a function of the thermodynamic volume (17). To elaborate more
physically, here we recast the geometric equation of state (20) into a physical one
by employing dimensional analysis as Ref. [23]. The Planck length l2P = GN~/c
3,
and the physical pressure, temperature can be given by
Press =
~c
l2P
P , Temp =
~c
k
T . (21)
Multiplying equation (20) with ~c
l2
P
and comparing with the Van der Waals equa-
tion [28], we can obtain the relation of the specific volume υ with the horizon
radius rh as
υ = 2l2P rh . (22)
Thus, the physical equation of state for the black hole system can be expressed
as follows
P =
T
υ
− 1
2piυ2
+
2Q2
pi (1− η2)2 υ4 . (23)
5
T  TC
T  TC
T  TC
T  TC
T  TC
5 10 15 20 25 Υ
0.000
0.001
0.002
0.003
0.004
0.005
P
(a) P vs. υ for the charged AdS black hole
with a global monopole
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(b) P vs. υ for Reissner-Nordstro¨m AdS
black holes
Figure 2: (Color online) . P -υ diagrams of the charged AdS black hole with a
global monopole and Reissner-Nordstro¨m AdS black holes. In each diagram, the
temperature of isotherms decreases from top to bottom, and the middle red solid
curve denotes the critical isotherm T = Tc. Here we set η = 0.5, Q = 1.
Behaviors of the pressure can be witnessed intuitively in Figure 2(a). It is evident
that, similarly to the case of Reissner-Nordstro¨m AdS black holes1, the behaviors
of pressure for the charged AdS black hole with a global monopole qualitatively
behave like a Van der Waals liquid-gas system. There exists a small-large black
hole phase transition in this system. When the temperature T < Tc, the isotherms
are characterized by the intriguing Van der Waals oscillation. Each isotherm
has a local minimum and maximum. Moreover, there is an infection point in
each isotherm. With temperature increasing to T = Tc, the minimum and the
maximum points approach to each other. Meanwhile, the oscillating segment
squeezes to the critical point (Pc, υc, Tc). For the case T > Tc, the inflection
point disappears, and the pressure decreases monotonically along each isotherm.
Comparing Figure 2(a) with Figure 2(b), it is quite interesting to note that the
existence of a global monopole leads to a lower critical point. We can get insight
into the reason for that by deriving the critical quantities. Utilizing equation
(23), one can explicitly determine the critical point via(
∂P
∂υ
)
T
=
(
∂2P
∂υ2
)
T
= 0 , (24)
1The well-known case has been analyzed in Ref. [23]. We display its P -υ diagram in Figure
2(b).
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and get
Pc =
(1− η2)2
96piQ2
, υc =
2
√
6Q
1− η2 , Tc =
1− η2
3
√
6piQ
. (25)
These formulas indeed reflect that, in the presence of a global monopole, both of
the critical pressure Pc and the temperature Tc decrease, while the critical volume
υc increases, in contrast to the results of standard Reissner-Nordstro¨m AdS black
holes.
It’s also interesting that the critical coefficient
Pcυc
Tc
=
3
8
, (26)
is exactly in coincidence with Reissner-Nordstro¨m AdS black holes although a
global monopole is taken into account. Furthermore, performing the definitions
p =
P
Pc
, ν =
υ
υc
, τ =
T
Tc
, (27)
the equation of state (23) appears as a same law of corresponding states [23]
8τ = 3ν
(
p+
2
ν2
)
− 1
ν3
, (28)
which agrees with the result in the mean field theory.
To further study the phase transition of the charged AdS black holes with a
global monopole, we move to explore another important thermodynamical quan-
tity, namely, the heat capacity CP . In general, a positive heat capacity allows
a stable black hole to exist, while a negative one signals that the black hole
will disappear when suffering from a small perturbation. Considering equations
(13),(15) and (16), CP can be written as
CP = T
(
∂S
∂T
)
P
=
2pi (1− η2) r2h
[
(1− η2)2 r2h (8piPr2h + 1)−Q2
]
(1− η2)2 r2h (8piPr2h − 1) + 3Q2
. (29)
We plot the heat capacity CP changing with rh in Figure 3. Apparently, the
curve of heat capacity for P < Pc has two divergent points while that for P = Pc
has only one divergent point. When P < Pc, Figure 3(a) displays three regions
divided by two divergent points. Both the small radius region and the large
radius region are thermodynamically stable with positive heat capacity, while
the intermediate radius region is unstable due to negative heat capacity. So
the intermediate black hole (IBH) is unstable, and the phase transition takes
place between the small black hole (SBH) and the large black hole (LBH). When
P > Pc, as is shown in Figure 3(c), the heat capacity always remains positive,
implying that the black holes are locally stable and no phase transition will take
place.
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(c) CP vs. rh for P = 2.8Pc > Pc
Figure 3: (Color online) . Heat capacity for varying pressure. Here we set η =
0.5, Q = 1.
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Up till now, we have analyzed the local thermodynamical properties of the
charged AdS black hole incorporating a global monopole. It turns out that the
black holes undergo a small-large black hole phase transition which is remarkably
analogous to a Van der Waals liquid-gas system. Comparing this case with that
of Reissner-Nordstro¨m AdS black holes, we find that the global monopole affects
the critical point while the critical coefficient and the law of corresponding states
keep unchanged. In detail, in the presence of a global monopole, both of the
critical pressure Pc and the temperature Tc decrease, while the critical volume υc
increases. Next, we will proceed to illustrate the global stability by investigating
Gibbs free energy.
3.2 Gibbs free energy and the global stability
To facilitate discussing further, Gibbs free energy of the black hole system with
a global monopole is derived as
G =M − TS = 1
4
[
3Q2
(1− η2) rh
+
(
1− η2) rh(1− 8pi
3
Pr2h)
]
, (30)
where rh is understood as a function of P and T via equation (20). We plot the
Gibbs free energy G changing with T for fixed Q in Figure 4(a). Seen from Figure
P  PC
P  PC
P  PC
P  PC
0.02 0.023 0.026
0.5
0.7
0.9 SBH
LBH
IBH
O
G
T
0.02 0.04 0.06 0.08
T0.0
0.5
1.0
1.5
G
(a) G vs. T for the charged AdS black hole
with a global monopole
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0.02 0.04 0.06 0.08
T0.0
0.5
1.0
1.5
G
(b) G vs. T for Reissner-Nordstro¨m AdS
black holes
Figure 4: (Color online) . Behaviors of Gibbs free energy for the charged AdS
black hole with a global monopole and Reissner-Nordstro¨m AdS black holes. In
each picture, the curves from right (blue dashed) to left (green solid) correspond
to P = 1.6Pc, Pc, 0.5Pc, 0.2Pc respectively. Here we set η = 0.5, Q = 1.
4(a), with the pressure falling below the critical value Pc, the Gibbs free energy G
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strikingly displays the characteristic swallow tail which indicates that the phase
transition is of the first order. Observing the swallow tail more clearly (e.g., the
isobar P = 0.5Pc), the system first goes along the small black hole (SBH) branch
until the temperature increases to the point O. At the point O, both the small and
the large black holes share the same Gibbs free energy and can coexist. With the
temperature increasing further, the large black hole (LBH) dramatically becomes
the preferred thermodynamical state because of lower Gibbs free energy than
the small and the intermediate black holes (IBH). Hence, there is a small-large
black hole phase transition at the point O. What is more, due to the relation
S = Abh/4, different horizon area for the small and the large black holes during
the transitions corresponds to the discontinuity of the entropy. That means there
is a release of latent heat, and the phase transition at the point O is of the first
order. In addition, comparing Figure 4(a) with Figure 4(b), the effect of a global
monopole on the Gibbs free energy of the black holes can be better understood,
although they both clearly exhibit the classical swallow tail.
4 Conclusions
In this paper, we first calculated the thermodynamical quantities of the charged
AdS black holes with a global monopole. The results show that, in the presence
of a global monopole, thermodynamical quantities are closely related with the
symmetry breaking parameter η. In contrast to the case of standard Reissner-
Nordstro¨m AdS black holes, they exhibit an interesting dependence on the inter-
nal global monopole. In spite of this, the quantities are verified to be still satisfy
the first law of black hole thermodynamics and Smarr relation in the extended
phase space. Moreover, we also analyzed the local and the global properties and
revealed that the black hole undergoes a small-large phase transition. The crit-
ical behaviors and phase structure of the black holes were also discussed. We
determined the critical point, the critical coefficient and the law of corresponding
states. The critical point depends on the parameter η, while the two latters do
not. More importantly, further illustrations manifest that the transition is of
first order and remarkably analogous to a Van der Waals liquid-gas system. This
paper not only contributes to deeper understanding black hole thermodynamics,
but also gives an insight into the effect of a global monopole on the critical behav-
iors. Besides, it is of great importance to further support that Van der Waals-like
behavior of the black holes is a universal phenomenon.
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